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COLLAPSING HYPERKA¨HLER MANIFOLDS
VALENTINO TOSATTI AND YUGUANG ZHANG
Abstract. Given a projective hyperka¨hler manifold with a holomor-
phic Lagrangian fibration, we prove that hyperka¨hler metrics with vol-
ume of the torus fibers shrinking to zero collapse in the Gromov-Hausdorff
sense (and smoothly away from the singular fibers) to a compact metric
space which is a half-dimensional special Ka¨hler manifold outside a sin-
gular set of real Hausdorff codimension 2, and is homeomorphic to the
base projective space.
1. Introduction
Let Mm be a compact Calabi-Yau manifold, which for us is a compact
Ka¨hler manifold Mm with c1(M) = 0 in H
2(M,R). Yau’s Theorem [66]
shows that given any Ka¨hler class [α] on M we can find a unique repre-
sentative ω of [α] which is a Ricci-flat Ka¨hler metric. The basic problem
that we study in this paper is to understand the limiting behavior of such
Ricci-flat metrics if we degenerate the class [α]. More precisely, we fix a
class [α0] on the boundary of the Ka¨hler cone and for 0 < t 6 1 we let ω˜t
be the unique Ricci-flat Ka¨hler metric in the class [α0] + t[ωM ], where ωM
is a fixed Ricci-flat Ka¨hler metric on M , and we wish to understand the
behavior of (M, ω˜t) as t→ 0. The metrics ω˜t satisfy the equation
(1.1) ω˜mt = ctt
m−nωmM ,
for some explicit constants ct which approach a positive constant as t→ 0.
Up to scaling the whole setup, we may assume without loss of generality
that ct → 1 when t→ 0.
This question has been extensively studied in the literature, the most
relevant works being [25, 58, 59, 23, 24, 27, 63, 65, 9, 54], see also the surveys
[60, 61, 68]. In particular, decisive results in the non-collapsing case when∫
M α
n
0 > 0 have been obtained in [58, 9, 54]. In this paper we consider the
more challenging collapsing case when
∫
M α
n
0 = 0, and we will always assume
that [α0] = f
∗[ωN ] where (Nn, ωN ) is a compact Ka¨hler manifold with
0 < n < m and f :M → N is a holomorphic surjective map with connected
fibers (i.e. a fiber space). This is the same setup as in [59, 23, 24, 27, 63, 65],
and as explained there, in this case there are proper analytic subvarieties
S′ ⊂ N and S = f−1(S′) ⊂ M such that f : M\S → N0 := N\S′ is a
proper submersion with fibers My = f
−1(y), y ∈ N\S′, smooth Calabi-Yau
(m− n)-folds.
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In [63], building upon the earlier [59], it is shown that there is a Ka¨hler
metric ω on N0 such that as t→ 0 the metrics ω˜t converges to f∗ω uniformly
on compact subsets of M\S, and ω satisfies
(1.2) Ric(ω) = ωWP > 0,
on N0, where ωWP is aWeil-Petersson form which measures the variation of
the complex structures of the fibers My (see e.g. [59, 55]). This is improved
to smooth convergence on compact subsets of M\S in [23, 27, 65] when the
fibers My are tori (or finite e´tale quotients of tori). Explicit estimates are
also obtained for ω˜t near S, but these blow up very fast near S.
Our main concern is understanding the possible collapsed Gromov-Hausdorff
limits of (M, ω˜t) as t → 0, and their singularities. In this regard, we have
the following conjecture (see [60, Question 4.4] [61, Question 6]), which is
motivated by an analogous conjecture by Gross-Wilson [25], Kontsevich-
Soibelman [37, 38] and Todorov [42] for collapsed limits of Ricci-flat Ka¨hler
metrics on Calabi-Yau manifolds near a large complex structure limit:
Conjecture 1.1. If (X, dX) denotes the metric completion of (N0, ω), and
SX = X\N0, then
(a) (X, dX ) is a compact length metric space and SX has real Hausdorff
codimension at least 2.
(b) We have that
(M, ω˜t)
dGH−→ (X, dX ),
when t→ 0.
(c) X is homeomorphic to N .
This conjecture was proved by Gross-Wilson [25] when f : M → N is
an elliptic fibration of K3 surfaces with only I1 singular fibers. In our
earlier work with Gross [24] we proved Conjecture 1.1 completely in the
case when dimN = 1. Very recently, conditionally to a certain Ho¨lder
estimate for solutions of a family of Monge-Ampe`re equations, a new proof
was obtained in [40] when dimM = 3,dimN = 1, the generic fibers My are
K3 surfaces and the singular fibers are nodal K3 surfaces, which also gives
better estimates near and on the singular fibers.
For bases N of general dimension n, the only known partial result towards
Conjecture 1.1 is the one proved in [63, 23]: if (X, dX) is the Gromov-
Hausdorff limit of a sequence (M, ω˜ti), ti → 0 (such limits always exist up
to passing to subsequences), then there is a homeomorphism ψ : N0 → X0
onto a dense open subset X0 ⊂ X such that ψ : (N0, ω)→ (X0, dX |X0) is a
local isometry.
Our main result is the following:
Theorem 1.2. Conjecture 1.1 holds when M is a projective hyperka¨hler
manifold.
As proved in [24], in this case the limiting metric ω on N0 is a special
Ka¨hler metric in the sense of [13]. In this case, the base N is always CPn
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[31] and the fibers My, y ∈ N0, are holomorphic Lagrangian n-tori [45, 46],
so that f is an algebraic completely integrable system over N0. A classical
result of Donagi-Witten [12] (see also [13, 30]) shows that the base of an
algebraic completely integrable system admits a special Ka¨hler metric, and
our result shows that this metric arises as the collapsed limit of hyperka¨hler
metrics on the total space.
An application of our result is the revised Strominger-Yau-Zaslow (SYZ)
conjecture due to Gross-Wilson [25], Kontsevich-Soibelman [37, 38] and
Todorov [42] (note that the statement of the conjecture in [37, 38] also
covers the hyperka¨hler case). As explained in [23], Theorem 1.2 implies a
positive solution to such conjecture for collapsed limits of hyperka¨hler met-
rics near large complex structure limits which arise via hyperka¨hler rotation
from our setting above:
Corollary 1.3. The conjecture of Gross-Wilson [25, Conjecture 6.2], Kontsevich-
Soibelman [37, Conjectures 1 and 2] and Todorov [42, p. 66] holds for those
large complex structure families of hyperka¨hler manifolds which arise from
the setup of Theorem 1.2 via hyperka¨hler rotation as in [23, Theorem 1.3].
Indeed, this follows exactly as in [23, Theorem 1.3], using Theorem 1.2
together with our earlier results in [24, Theorem 1.2]. The key new infor-
mation provided by Theorem 1.2, which was not available in [23, 24], is the
uniqueness of the Gromov-Hausdorff limit, which is identified with the met-
ric completion of the smooth part and is homeomorphic to the base, and
the fact that it has singularities in real codimension at least 2. This com-
pletes the program we started in [23] to extend Gross-Wilson’s theorem on
large complex structure limits of K3 surfaces [25] to higher-dimensional hy-
perka¨hler manifolds. Furthermore, by combining it with [24], Theorem 1.2
gives more precise information about the limit space, which was predicted
by [25, 37, 38]. This is explained in detail in section 5 (see Theorem 5.2
there) in a slightly more general setup than [23].
We now give a brief outline of the paper. In section 2 we extend and
sharpen a method introduced in our earlier work [24] (when dimN = 1)
and show that to prove parts (a) and (b) of Conjecture 1.1 in general it suf-
fices to obtain an upper bound for the limiting metric ω near S′ (which may
be assumed to be a simple normal crossings divisor after a modification) in
terms of an orbifold Ka¨hler metric up to a logarithmic factor. In section
3 we give some improvements of earlier results of ours, and state the more
precise estimate that we obtain in the hyperka¨hler case, which implies the
estimate needed in section 2. We also show how the more precise estimate
implies part (c) of Conjecture 1.1. This estimate is then proved in section 4
by showing that the coefficients of the special Ka¨hler metric ω are essentially
given by periods of the Abelian varieties which are the fibers of f , and the
blowup rate of these periods can be controlled using degenerations of Hodge
structures. Lastly, in section 5 we explain how Theorem 1.2 fits into the
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SYZ picture of mirror symmetry for hyperka¨hler manifolds.
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2. Gromov-Hausdorff Collapsing
In this section we reduce parts (a) and (b) of Conjecture 1.1 in general to
proving a suitable bound for the limiting metric near the discriminant locus
of the map f , in terms of an orbifold Ka¨hler metric on some log resolution
of the discriminant locus of f . A stronger bound will then be proved in
section 4 for hyperka¨hler manifolds, which in section 3 will be shown to be
also sufficient to prove part (c) of the Conjecture. We decided to follow this
presentation in order to highlight precisely what estimates are needed for
each part of the Conjecture, and also because we envision that the estimate
in Theorem 2.1 may be more approachable in the general (not necessarily
hyperka¨hler) case than the stronger estimate in Theorem 3.4.
Let f : Mm → Nn be as in the Introduction, so M is a compact Calabi-
Yau manifold, N is a compact Ka¨hler manifold, f is holomorphic surjective
with connected fibers, and 0 < n < m. The discriminant locus of f (i.e.
the locus of critical values of f) is denoted by S′ ⊂ N , and is a proper
analytic subvariety of N . As an aside, we will see in Theorem 3.3 below (a
small extension of our earlier result in [64]) that S′ = ∅ happens if and only
if f is a holomorphic fiber bundle, with base N and fiber also Calabi-Yau
manifolds. This is a very special situation, and in fact never happens if
M is hyperka¨hler (since in this case N ∼= CPn [31]). In any case, we may
assume in the following that S′ 6= ∅, since otherwise Conjecture 1.1 follows
immediately from the results in [63] which give uniform convergence of ω˜t
to f∗ω.
Let π : N˜ → N be a modification such that E = π−1(S′) is a divisor with
simple normal crossings and π : π−1(N0) → N0 is biholomorphic, where
N0 = N\S′. Write E =
⋃µ
j=1Ej for the decomposition of E in irreducible
components, so each Ej is a smooth irreducible divisor and the Ej ’s intersect
in normal crossings. There is an integer 0 6 ℓ 6 µ so that the divisors Ej
with 1 6 j 6 ℓ are π-exceptional, while Ej with ℓ + 1 6 j 6 µ are proper
transforms of divisors in S′. The limit cases ℓ = 0, µ are allowed, where
ℓ = 0 means that S′ is already a simple normal crossings divisor and π = Id,
while ℓ = µ means that S′ is of (complex) codimension at least 2 in N .
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Given natural numbers mi ∈ N>0, 1 6 i 6 µ, there is a well-defined
notion of orbifold Ka¨hler metric ωorb on N˜ with singularities along E with
orbifold order mi along each component Ei. Any such metric is a smooth
Ka¨hler metric on N˜\E such that in any local chart U (a unit polydisc with
coordinates (w1, . . . , wn)) centered at a point of E adapted to the normal
crossings structure (so E ∩ U is given by w1 · · ·wk = 0 for some 1 6 k 6 n,
and say that {wi = 0} = Eji ∩ U for some 1 6 ji 6 µ and all 1 6 i 6 k) we
have that pulling back ωorb by the local uniformizing map q : U˜ → U (U˜ is
also the unit polydisc in Cn) given by
q(w1, . . . , wn) = (w
mj1
1 , . . . , w
mjk
k , wk+1, . . . , wn),
the resulting metric on U˜\{w1 · · ·wk = 0} extends smoothly to a Ka¨hler
metric on U˜ . This implies that on U\{w1 · · ·wk = 0} the metric ωorb is
uniformly equivalent to the model
k∑
i=1
√−1dwi ∧ dwi
|wi|2(1−1/mji )
+
n∑
i=k+1
√−1dwi ∧ dwi.
We also fix a defining section si of the divisor Ei and a smooth Hermitian
metric hi on O(Ei), for all 1 6 i 6 µ. Then a short calculation shows that
given any Ka¨hler metric ωN˜ on N˜ and any ε > 0 sufficiently small, the
formula
ωorb = ωN˜ + ε
µ∑
i=1
√−1∂∂|si|
2
mi
hi
,
defines an orbifold Ka¨hler metric on N˜ with orbifold order mi along each
Ei. This shows that we can always find orbifold Ka¨hler metrics adapted to
any given orbifold structure.
Recall that on N0 we have the limiting Ka¨hler metric ω, which is con-
structed in [55, 59] by solving a suitable Monge-Ampe`re equation, and which
satisfies (1.2).
The following result can be viewed as a generalization of [24, Section 3]
to higher dimensions:
Theorem 2.1. Suppose that there is a constant C > 0 and natural numbers
d ∈ N and mi ∈ N>0, 1 6 i 6 µ, such that on π−1(N0) we have
(2.1) π∗ω 6 C
(
1−
µ∑
i=1
log |si|hi
)d
ωorb,
where ωorb is an orbifold metric with orbifold order mi along each component
Ei. Then parts (a) and (b) of Conjecture 1.1 hold.
Proof. Let us define E′n+1 = ∅ and for 1 6 p 6 n define recursively
(2.2) E′p =
⋃
|J |=p
(Ej1 ∩ · · · ∩ Ejp)\E′p+1,
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where the union is over all multiindices J = (j1, . . . , jp) with 1 6 j1, . . . , jp 6
µ. Therefore each E′p is a (possibly empty) disjoint union of smooth con-
nected (n − p)-dimensional relatively compact complex submanifolds of N˜
(the real (2n− 2p)-Hausdorff measure of E′p is therefore finite), and we can
write E =
⋃n
p=1E
′
p. Note also that if U is any small open neighborhood of
E′p+1, then E
′
p\U is compact. Using this we see that for every small ρ, β > 0
we can find a covering of E by N(ρ) open sets {Vi(ρ)} ⊂ N˜ such that we
have
(2.3) ρ2n−2+βN(ρ)→ 0,
as ρ→ 0, and each Vi(ρ) is contained in a chart with coordinates (w1, . . . , wn)
defined in the unit polydisc ∆n where E is given locally by w1 · · ·wk = 0 for
some 1 6 k 6 n, and in this chart we have
Vi(ρ) = {w ∈ ∆n | |wj | < ρmj , for 1 6 j 6 k, and |wj | < ρ, for k+1 6 j 6 n},
where for simplicity of notation we will write mj for the orbifold order along
{wj = 0}. Define a map q : ∆n → ∆n by
q(w1, . . . , wn) = (w
m1
1 , . . . , w
mk
k , wk+1, . . . , wn),
so that q−1(Vi(ρ)) equals the polydisc of radius ρ, which we will denote by
∆n(ρ). Then our assumption (2.1) implies that on ∆n\E we have that
(2.4) q∗π∗ω 6 C
(
1−
k∑
i=1
log |wi|
)d
ωE ,
for some C > 0, d ∈ N, where ωE is the Euclidean metric on ∆n. Using this,
we claim that for any two points q1, q2 ∈ ∆∗,k(ρ) ×∆n−k(ρ) ⊂ ∆n(ρ) there
is a path γ˜ connecting them such that γ˜ ⊂ ∆∗,k(ρ)×∆n−k(ρ) and
(2.5) lengthq∗π∗ω(γ˜) 6 Cρ(− log ρ)d.
Indeed, if we denote wi = rie
√−1θi , then on ∆n\E the estimate (2.4) trans-
lates to
(2.6) q∗π∗ω 6 C
(
1−
k∑
i=1
log ri
)d n∑
j=1
(dr2j + r
2
jdθ
2
j ).
Write
q1 = (r1e
√−1θ1 , . . . , rne
√−1θn),
where 0 < rj < ρ for 1 6 j 6 k, while 0 6 rj < ρ for k + 1 6 j 6 n, and if
rj = 0 for any such j then we set θj = 0. We then define a path
γ1(s) = ((sρ/2 + (1− s)r1)e
√−1θ1 , . . . , (sρ/2 + (1− s)rn)e
√−1θn),
with 0 6 s 6 1 gives a path in ∆∗,k(ρ) ×∆n−k(ρ) whose initial point is q1
and whose endpoint lies on the distinguished boundary of ∆n(ρ/2), given
by
S(ρ/2) = {w ∈ ∆n(ρ) | |wj | = ρ/2, 1 6 j 6 n}.
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The Euclidean norm of γ′1 is at most ρ, and so using (2.6) we obtain
lengthq∗π∗ω(γ1) 6 Cρ
∫ 1
0
(
1−
k∑
i=1
log(sρ/2 + (1− s)ri)
) d
2
ds
6 Cρ
∫ 1
0
(1− k log(sρ/2)) d2 ds
6 Cρ(− log ρ)d,
where we used the fact that ρ is small to increase the power of − log. On
the other hand the distinguished boundary S(ρ/2) is diffeomorphic to the
real torus T n (in particular it is connected), and using again (2.6) we see
that
diamq∗π∗ω(S(ρ/2)) 6 Cρ(− log ρ)
d
2 6 Cρ(− log ρ)d.
Therefore we conclude that q1 and q2 can indeed by joined by a curve γ˜ ⊂
∆∗,k(ρ)×∆n−k(ρ) satisfying (2.5). Considering the image γ = q(γ˜), whose
π∗ω-length is equal to the q∗π∗ω-length of γ˜, we conclude that every two
points in Vi(ρ)\E can be joined by a path γ contained in Vi(ρ)\E with
(2.7) lengthπ∗ω(γ) 6 Cρ(− log ρ)d.
Since the open sets {Vi(ρ)} cover E, and since ρ(− log ρ)d → 0 as ρ→ 0, it
follows in particular that
sup
y1,y2∈N0
dω(y1, y2) 6 C,
where dω is the metric space structure on N0 induced by ω. This implies
that the metric completion of (N0, dω) is compact.
Now pick any sequence tk → 0 such that (M, ω˜tk) converges in the
Gromov-Hausdorff topology to a compact length metric space (X, dX ). As
we recalled in the Introduction, in [63, Corollary 1.4] (see also [23, Theorem
1.2]) we constructed a local isometric embedding of (N0, ω) into (X, dX )
with open dense image X0 ⊂ X via a homeomorphism ψ : N0 → X0. Call
SX = X\X0. The density of X0 implies that for every fixed ρ > 0 the set
N(ρ)⋃
i=1
ψ(π(Vi(ρ)) ∩N0),
covers SX . Then the fact that (X, dX ) is a length space implies that for
every i we have
diamdX (ψ(π(Vi(ρ)) ∩N0)) = diamdX (ψ(π(Vi(ρ)) ∩N0))
= sup
p,q∈ψ(π(Vi(ρ))∩N0)
inf
η
lengthdX (η),
where the infimum is over all curves η in X joining p and q. But we have
just shown that p and q can be joined by curves of the form ψ(π(γ)), with
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γ ⊂ Vi(ρ)\E satisfying (2.7), and since ψ is a local isometry we have that
(2.8) lengthdX (ψ(π(γ))) = lengthω(π(γ)) = lengthπ∗ω(γ),
for any such curve γ. We then conclude that
diamdX (ψ(π(Vi(ρ)) ∩N0)) 6 Cρ(− log ρ)d,
for all ρ > 0 small and for C > 0 independent of ρ.
Fix now small β, ε > 0, and given any η > 0, choose ρ > 0 small so that
Cρ(− log ρ)d < η. We estimate
H2n−2+β+εdX ,η (SX) 6
N(ρ)∑
i=1
̟2ndiam
2n−2+β+ε
dX
(ψ(π(Vi(ρ)) ∩N0))
6 CN(ρ)ρ2n−2+β+ε(− log ρ)d(2n−2+β+ε)
= Cρε(− log ρ)d(2n−2+β+ε)
(
N(ρ)ρ2n−2+β
)
→ 0,
as ρ→ 0 thanks to (2.3), where ̟2n denotes the volume of unit ball in R2n.
Note that as η → 0 then ρ→ 0 as well. Thus
(2.9) H2n−2+β+εdX (SX) = limη→0H
2n−2+β+ε
dX ,η
(SX) = 0,
for any small β, ε > 0, and so we conclude that dimH SX 6 2n − 2. This
proves part (a) of Conjecture 1.1.
Note also that for any two points x, y ∈ N0 we have
(2.10) dX(ψ(x), ψ(y)) 6 dω(x, y).
Indeed, for any ε > 0 there is a path γε in N0 joining x and y with
lengthω(γε) 6 dω(x, y) + ε. From (2.8) we see that
lengthω(γε) = lengthdX (ψ(γε)) > dX(ψ(x), ψ(y)),
and letting ε→ 0 proves (2.10).
If we let ωM be any Ricci-flat Ka¨hler metric onM , and let ν be the reduced
measure constructed in [23, Section 5], then ν(SX) = 0 [23, Remark 5.3] and
[23, Section 5] shows that there exist constants υ, c > 0 such that for any
K ⊂ N0,
ν(K) = υ
∫
f−1(K)
ωmM = υ
∫
K
f∗(ωmM ) = cυ
∫
K
ωn
because, as explained for example in Section 4 in [59], on N0 the metric ω
satisfies
(2.11) ωn = cf∗(ωmM ),
for some explicit constant c > 0. Therefore
ν(K) = λVolω(K) = λH2ndX (K),
for some constant λ > 0. Thanks to [5, Theorem 1.10] we have that ν is a
Radon measure, and then the same argument as in [24, p.105] shows that
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ν = λH2ndX as measures on X. If we let ν−1 be the measure induced by ν “in
codimension 1”, as defined in [6, Section 2] (see also the discussion in [24,
p.106]), then we deduce that
ν−1(SX) = λ′H2n−1dX (SX) = 0,
using (2.9), for some positive constant λ′. We then apply [6, Theorem 3.7]
which shows that given any x1 ∈ X0 for H2ndX -almost all y ∈ X0 there exists
a minimal geodesic from x1 to y which lies entirely in X0. In particular,
given any two points x1, x2 ∈ X0 and δ > 0, there is a point y ∈ X0 with
dX(x2, y) < δ which can be joined to x1 by a minimal geodesic η1 contained
in X0. Furthermore we can take y close enough to x2 so that it can also
be joined to x2 by a curve η2 contained in X0 with dX -length at most δ.
Concatenating η1 and η2 we obtain a curve η in X0 joining x1 to x2 with
lengthdX (η) 6 dX(x1, y) + δ 6 dX(x1, x2) + 2δ.
Since ψ : N0 → X0 is a homeomorphism, we conclude that given any two
points q1, q2 ∈ N0 and δ > 0, there is a curve γ in X0 joining q1 and q2 with
lengthω(γ) 6 dX(ψ(q1), ψ(q2)) + 2δ.
Therefore, thanks to (2.10), we conclude that
dX(ψ(q1), ψ(q2)) 6 dω(q1, q2) 6 lengthω(γ) 6 dX(ψ(q1), ψ(q2)) + 2δ.
Letting δ → 0, we conclude that
dω(q1, q2) = dX(ψ(q1), ψ(q2)).
Hence ψ : (N0, ω)→ (X0, dX) is a global isometry, and since X0 is dense in
X this implies that (X, dX ) is isometric to the metric completion of (N0, ω).
This proves part (b) of Conjecture 1.1. 
The method that we developed to prove Theorem 2.1 is quite robust, and
it applies to other setups as well, see e.g. [67] for a very recent work that
uses our result in different settings.
3. Metrics on torus fibrations
In this section we prove some general results about metrics on torus fibra-
tions, extending our earlier work in [23, 64], and in Theorem 3.4 we state the
main estimate which holds in the hyperka¨hler case, which implies estimate
(2.1), and which will be proved in section 4. We also show that the main
estimate implies part (c) of Conjecture 1.1.
3.1. Semi-flat forms on torus fibrations. We start with a general dis-
cussion. Let (Mm0 , ωM ) be a possibly noncompact Ka¨hler manifold with
a proper holomorphic submersion f : Mm0 → Nn0 with connected fibers
onto a complex manifold N0, 0 < n < m. Assume that all the fibers
My = f
−1(y), y ∈ N0 are complex tori, so that My ∼= Cm−n/Λy, for some
lattice Λy ⊂ Cm−n, and that f admits a holomorphic section σ : N0 →M0.
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Theorem 3.1. Under these assumptions, there is a unique closed semiposi-
tive (1, 1) form ωSF on M0, such that ωSF|My is the unique flat Ka¨hler metric
cohomologous to ωM |My , and such that given any coordinate ball B ⊂ N0,
and any trivialization f−1(B) ∼= (B × Cm−n)/Λ which maps σ to the zero
section, the form ωSF is given by the explicit formula of [23, 26, 27].
The last point means the following: the universal cover of f−1(B) is in
fact biholomorphic to p : B × Cm−n → (B × Cm−n)/Λ ∼= f−1(B) (see [23]),
we may assume that p pulls back σ to the zero section, and we can then
write p∗ωSF =
√−1∂∂η where
(3.1) η(y, z) = −1
4
m−n∑
i,j=1
(ImZ(y))−1ij (zi − z¯i)(zj − z¯j),
and Z : B → Hm−n is a holomorphic period map from B to the Siegel upper
half space which was constructed in [23, 26, 27].
The form ωSF is called semi-flat. It was first introduced in [18] in the
context of elliptically fibered K3 surfaces.
This result follows easily from the arguments of [23, 26, 27]; in particular,
ωSF is implicitly constructed in [26] but without the explicit formula over
small balls, while in [23, 27] we only considered the case when N0 is a small
ball. For the reader’s convenience we give the proof.
Proof. We initially follow the construction in [26, Section 3.2]. For that
construction to apply, we need the existence of a section (which we assume),
and of a “constant polarization” (which exists because ωM is Ka¨hler, as in
[27, Proposition 2.1]). If gy denotes the unique flat Ka¨hler metric on My
in the class [ωM |My ], for any y ∈ N0, then the restriction of gy to T (1,0)σ(y) My
defines a Hermitian metric on the holomorphic vector bundle E = σ∗T (1,0)M0/N0
over N0. As indicated above, we have a biholomorphism M0 ∼= E/Λ for
a holomorphic lattice bundle Λ ⊂ E . Then Λ induces a flat Gauss-Manin
connection on E , with horizontal space H. Let P : T (1,0)M0 → E be the
projection along H, and for any x ∈ M0, u, v ∈ T (1,0)x M0 define gSF(u, v) =
gf(x)(Pu, Pv). Then gSF defines a semipositive closed real (1, 1) form ωSF
on M0, as verified in [26], which restricts to the correct flat Ka¨hler metric
on each fiber My.
If now B ⊂ N0 is a coordinate ball, and p : B × Cm−n → f−1(B) is
the universal covering map, and assume that p pulls back σ to the zero
section, then the construction in [23, 27] gives us a function η on B×Cm−n
defined by (3.1), such that
√−1∂∂η descends to a closed semipositive (1, 1)
form ω′SF on f
−1(B), with ω′SF|My = ωSF|My for all y ∈ B. Both ωSF
and ω′SF are invariant under translation by flat sections of the Gauss-Manin
connection, and at every point on the zero section they are equal because
they both vanish in the horizontal directions and are equal to the same
flat Ka¨hler metric on each fiber. Therefore we conclude that ωSF = ω
′
SF
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on all of f−1(B), as required. Uniqueness of ωSF follows from the fact that,
locally on the base, it is given by this explicit formula, and that two different
trivializations of f−1(B) which both map σ to the zero section, must differ
by fiberwise translation by a flat section, which leaves ωSF unchanged. 
As a consequence of the explicit formula (3.1), we see that if over a co-
ordinate ball B ⊂ N0 we define λt : B × Cm−n → B × Cm−n by λt(y, z) =
(y, t−
1
2 z), then we have that
(3.2) tλ∗tp
∗ωSF = p∗ωSF.
From now on we specialize to the setting of Theorem 1.2, so that M is
projective hyperka¨hler, and f : M → N is a holomorphic fiber space (and
here we also assume the existence of a holomorphic section σ : N0 → M0,
so that Theorem 3.1 applies), and ω˜t is the hyperka¨hler metric on M in the
class f∗[ωN ] + t[ωN ], 0 < t 6 1. In this case it follows from [31] that in fact
N ∼= CPn, but we will not need this fact. As before, we let S′ ⊂ N be the
discriminant locus of f and we set N0 = N\S,M0 = f−1(N0).
Using (3.2), in [27] it is proven that given any compact K ⊂ B × Cm−n
and any k > 0, there is a constant C independent of t such that on K we
have
C−1p∗(ωN + ωSF) 6 λ∗t p
∗ω˜t 6 C(ωN + ωSF),
and
(3.3) ‖λ∗tp∗ω˜t‖Ck(K,gE) 6 C,
which is the same result as in [23, Lemma 4.2 and Proposition 4.3] but
without the need to use translations by holomorphic sections.
For later use, let us also assume that the fibration f admits a holomorphic
Lagrangian section σ : N0 →M0. As explained for example in [13, p.43], [31,
Proposition 3.5] or [32, Proposition 2.4]), using this section and the holo-
morphic symplectic form on M0, we get an isomorphism M0 ∼= T ∗(1,0)N0/Λˇ,
where Λˇ ⊂ T ∗(1,0)N0 is a lattice bundle, and let p : T ∗(1,0)N0 → M0 be
the natural projection (over any coordinate ball B ⊂ N0 where the bundle
is trivial, this agrees with the map p as above). The dilations λt are in
fact well-defined as biholomorphisms λt : T
∗(1,0)N0 → T ∗(1,0)N0, which in
trivializations over B as above are given by the same formula as above.
We can now identify the smooth limit of the metrics λ∗t p∗ω˜t on T ∗(1,0)N0
as t→ 0. The following is an improvement of [23, Lemma 4.7], again without
the need to use translations by holomorphic sections:
Proposition 3.2. As t→ 0 we have
(3.4) λ∗t p
∗ω˜t → p∗(f∗ω + ωSF),
smoothly on compact sets of T ∗(1,0)N0, where ωSF is given by Theorem 3.1.
12 VALENTINO TOSATTI AND YUGUANG ZHANG
Proof. Fix any coordinate ball B ⊂ N\S′. Thanks to [23, Proposition 3.1]
we can find a holomorphic section σ˜ : B → f−1(B) of f and a smooth
function ξ on f−1(B) so that
ωM = T
∗
σ˜ωSF +
√−1∂∂ξ,
holds on f−1(B), where Tσ˜ : f−1(B)→ f−1(B) is given by fiberwise trans-
lation by σ˜. We can now follow the argument of [23, Lemma 4.7], with some
small modifications. Recall that we have
ω˜t = f
∗ωN + tωM +
√−1∂∂ϕt,
with |ϕt| 6 C (see [59]). On p−1(f−1(B)) ∼= B × Cm−n we may then write
λ∗t p
∗ω˜t = p∗f∗ω + tλ∗t p
∗T ∗σ˜ωSF +
√−1∂∂ut,
where we have set ut = ϕt ◦p◦λt+ tξ ◦p◦λt, and thanks to Theorem 3.1 we
also have p∗ωSF =
√−1∂∂η, where η is explicitly given by (3.1). The map
Tσ˜ is induced by the translation (y, z) 7→ (y, z + σ˜(y)) on B ×Cm−n (which
we will also denote by Tσ˜), and so this gives
tλ∗tp
∗T ∗σ˜ωSF = t
√−1∂∂(η ◦ Tσ˜ ◦ λt),
and by direct inspection we see that this converges smoothly on compact
sets to p∗ωSF as t→ 0. Indeed, using (3.1), we see that
t(η ◦ Tσ˜ ◦ λt)(y, z) = tη(y, t−
1
2 z + σ˜(y)) = η(y, z + t
1
2 σ˜(y)),
which converges to η(y, z) smoothly on compact sets. Thanks to (3.3), we
see that
√−1∂∂ut also has uniform local C∞ bounds, and since |ut| 6 C,
we conclude that the functions ut are themselves locally uniformly bounded
in C∞. Arguing then exactly as in [23, Lemma 4.7] we conclude that ut →
ϕ◦f ◦p smoothly on compact sets, where ωN +
√−1∂∂ϕ = ω is the limiting
metric on N0. This concludes the proof. 
Of course, the same proof shows that even if f :M0 → N0 does not have a
holomorphic Lagrangian section, we still obtain the convergence in (3.4) but
just on the preimage of any coordinate ball B ⊂ N0 (since on its universal
cover B × Cm−n we still have the stretching maps λt).
3.2. The discriminant locus. As in the Introduction, let M be a projec-
tive hyperka¨hler manifold, and f : M → N a surjective holomorphic map
with connected fibers onto a compact Ka¨hler manifold N with dimN <
dimM . Then we know by Matsushita [45, 46] that dimN = 12 dimM and
that f is an equidimensional holomorphic Lagrangian torus fibration, which
in particular gives an algebraic completely integrable system where it is a
submersion (see section 4.2). Also, by Hwang [31] we have that N is biholo-
morphic to CPn where dimM = 2n.
If S′ ⊂ N denotes the discriminant locus of f , then it is well-known that
S′ must be nonempty (see e.g. [31, Proposition 4.1], where it is shown that
S′ is in fact necessarily a divisor). We note here the following even stronger
result, proved by the authors in [64] with an extra hypothesis:
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Theorem 3.3. Let f :M → N be a holomorphic submersion with connected
fibers between compact Ka¨hler manifolds with c1(M) = 0 in H
2(M,R) (i.e.
M is a Calabi-Yau manifold). Then f is a holomorphic fiber bundle with
fiber F and base N both Calabi-Yau manifolds.
Proof. It is well-known (see e.g. [62]) that KM is torsion in Pic(M), so
there is a finite e´tale cover π : M˜ → M with M˜ connected and with KM˜
trivial. The composition f ◦ π : M˜ → M → N is a holomorphic submer-
sion with possibly disconnected fibers, so we consider its Stein factorization
M˜
p→ N˜ q→ N where N˜ is a (connected) compact Ka¨hler manifold, p is a
holomorphic submersion with connected fibers and q is a finite e´tale cover
(see e.g. [14, Lemma 2.4]). Therefore p : M˜ → N˜ satisfies the hypothesis
of [64, Theorem 1.3], and so it is a holomorphic fiber bundle with base N˜
and fiber F˜ both Calabi-Yau manifolds. By [15, Lemma 4.5], it follows that
f : M → N is a holomorphic fiber bundle as well. But we have finite un-
ramified coverings N˜
q→ N and F˜ π|F˜→ F , and so N and F are Calabi-Yau
manifolds as well. 
3.3. Estimates for the special Ka¨hler metric near the discriminant
locus. In this subsection we state our main estimate in the hyperka¨hler
setting, which implies the estimate (2.1). This estimate is then proved in
section 4.
As in the assumptions of Theorem 1.2, let M be a compact projective
hyperka¨hler 2n-manifold, with holomorphic symplectic 2-form Ω, and let
[α] be an integral Ka¨hler class on M . Assume that M admits a surjective
holomorphic map f : M → N with connected fibers onto a compact Ka¨hler
n-manifold N . As before we let S′ ⊂ N be the discriminant locus of f ,
and let N0 = N\S′, M0 = f−1(N0). The fibers My = f−1(y), y ∈ N0, are
holomorphic Lagrangian n-tori [45, 46] so that f : M0 → N0 is an algebraic
completely integrable system (see section 4.2). The base N is known to be
isomorphic to CPn by [31], but we will not need this. The fibersMy, y ∈ N0,
are Abelian varieties with the polarization [αy] = [α|My ], which is of type
(d1, · · · , dn) for some di ∈ N. Let π : N˜ → N be a modification, which is an
isomorphism over N0, such that E = π
−1(S′) is a divisor with simple normal
crossings, so near any point of E there are coordinates (u1, · · · , un) on an
open set U ⊂ N˜ (which in these coordinates is the unit polydisc in Cn) such
that E ∩ U = {u1 · · · uk = 0}, for some 1 6 k 6 n, and {ui = 0} = Eji ∩ U
for some 1 6 ji 6 µ and all 1 6 i 6 k.
By Section 3 of [13], there is a special Ka¨hler metric ω on N0 induced by
the algebraic completely integrable system (f :M0 → N0, [α],Ω), and in [24]
we shows that this metric is equal to the collapsed smooth limit of the Ricci-
flat metrics ω˜t as t→ 0, obtained in [59, 23]. The goal of this subsection is
to study the asymptotic behaviour of π∗ω near E. As in section 2 we write
E =
⋃µ
j=1Ej for the decomposition of E into irreducible components.
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Theorem 3.4. There are positive integers mi ∈ N, 1 6 i 6 µ, and a
constant C > 0 such that given any y ∈ E and any local chart on U as
above, if we define the local uniformizing map q : U˜ → U (U˜ is also the unit
polydisc in Cn) by
(3.5) q(t1, . . . , tn) = (t
mj1
1 , . . . , t
mjk
k , tk+1, . . . , tn),
then on U˜\q−1(E) we have
q∗π∗ω =
√−1
n∑
i,j=1
gij¯dti ∧ dt¯j
where
(3.6) |gij¯ | 6 C(1− ε(i) log |ti| − ε(j) log |tj |), i, j = 1, · · · , n,
where ε(x) = 1 if 1 6 x 6 k, and ε(x) = 0 if k + 1 6 x 6 n. Furthermore,
the functions gij with i, j > k extend continuously to all of U˜ . In particular,
(2.1) holds.
Since Theorem 3.4 implies the estimate (2.1), once we complete the proof
of Theorem 3.4, it will follow that parts (a) and (b) of Conjecture 1.1 hold,
thanks to Theorem 2.1. We prove Theorem 3.4 in the next section, which
requires a detailed study of special Ka¨hler metrics.
3.4. The homeomorphism type of the Gromov-Hausdorff limit. In
this subsection we show how the estimates in Theorem 3.4 also imply part
(c) of Conjecture 1.1. Therefore in the following we assume that we are
in the setting of Theorem 1.2 and we assume the validity of Theorem 3.4,
which will be proved in section 4.
Let (X, dX ) be the Gromov-Hausdorff limit of (M, ω˜t), which by Theorems
2.1 and 3.4 is isometric to the metric completion of (N0, ω) and let ψ :
(N0, ω) →֒ (X, dX) be the isometric embedding. Our goal is to show that X
is homeomorphic to N (which is of course homeomorphic to CPn).
Given any Ka¨hler metric ωN on N , the Yau Schwarz Lemma estimate
ω˜t > C
−1f∗ωN proved in [59] gives a uniform Lipschitz constant bound for
the map f : (M, ω˜t) → (N,ωN ), independent of t and so, up to passing
to a sequence ti → 0, we obtain in the limit a Lipschitz surjective map
h : (X, dX )→ (N,ωN ) with h ◦ ψ = Id.
Let also π : N˜ → N be the modification (sequence of blowups with smooth
centers) such that E = π−1(S′) = N˜\π−1(N0) is a simple normal crossings
divisor.
Proposition 3.5. There is a continuous surjective map p : N˜ → X such
that π = h ◦ p.
Proof. We have the homeomorphism p = ψ ◦ π : π−1(N0) → ψ(N0) ⊂ X.
We claim that p extends to the desired map p : N˜ → X. We use some of
the notation as in the proof of Theorem 2.1.
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To see this, let y ∈ N˜\π−1(N0), and let yi ∈ π−1(N0) be such that yi → y
in N˜ . For any small neighborhood ∆n(ρ) of y, we have yi ∈ ∆n(ρ) for i
sufficiently large, and for all m > 0 we have
dπ∗ω(yi, yi+m) 6 Cρ(log ρ)
d → 0.
Thus π(yi) is a Cauchy sequence in (N0, ω), and π(yi) converges to a unique
point y¯ in X. We define p(y) = y¯. The map p is well-defined because if y′i is
another sequence that converges to y then for every small ρ > 0 we see that
for all i sufficiently large yi, y
′
i ∈ ∆n(ρ) and
dπ∗ω(yi, y
′
i) 6 Cρ(log ρ)
d → 0,
so that necessarily π(y′i) → y¯ as well. A similar argument shows that p is
continuous. To see that p is surjective, given any point y¯ ∈ X, there is a
corresponding Cauchy sequence yi in (N0, ω) which converges to it. Choose
any preimages y′i ∈ N˜ , π(y′i) = yi. By compactness of N˜ , a subsequence will
converge to some point y′ ∈ N˜ , and we then have p(y′) = y¯.
If y′ = π(y) ∈ N , then π(yi) = h(p(yi)) → y′, and thus h(y¯) = y′. This
completes the proof. 
In particular, Proposition 3.5 already implies that X is homeomorphic to
N if the discriminant locus S′ = N\N0 of f is a simple normal crossings
divisor. Indeed, in this special case we may take N˜ = N,π = Id, to conclude
that h ◦ p = Id. Therefore p must be injective, and it is then a continuous
bijection between compact Hausdorff spaces, hence a homeomorphism.
To prove thatX is homeomorphic to N in general, the key is the following:
Proposition 3.6. Given any two points y, yˆ ∈ N˜ such that π(y) = π(yˆ),
we have that p(y) = p(yˆ).
Indeed, granted this, p would then factor through π, i.e. we would find a
continuous surjective map p¯ : N → X such that p = p¯ ◦ π (p¯ is continuous
because π is a topological quotient map), and so π = h ◦ p¯ ◦ π. This clearly
implies that h ◦ p¯ = Id since π is surjective, and so we conclude that p¯ is a
homeomorphism. It remains therefore to prove Proposition 3.6.
Proof. Recall that the map π is a composition of blowups with smooth
centers, so in particular its fibers are connected. Note that all the fibers of
π are subvarieties of N˜ , so their singular locus is itself stratified by locally
closed smooth subvarieties of decreasing dimensions. We can then find a
piecewise smooth path γ in N˜ joining y and yˆ such that π(γ) = π(y) (the
path may fail to be smooth only when crossing between the strata of the
singularities of the fiber). In particular, γ is contained in the simple normal
crossings divisor E = N˜\π−1(N0). Stratify E by E = E1 ⊃ E2 ⊃ · · · ⊃
En ⊃ En+1 = ∅ where each Ej is the union of all j-tuple intersections
of components of E, so that Ej is smooth of codimension j in N˜ (usually
disconnected). We can then find points y0 = y, y1, . . . , ym = yˆ (m > 1)
which all lie successively on the curve γ such that for all i = 0, . . . ,m − 1
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the curve γ between the points yi and yi+1 (minus possibly the endpoints) is
smooth and with image lying all in a unique open stratum Ek(i)\Ek(i)+1. It
is then enough to show that for all i = 0, . . . ,m− 1 we have p(yi) = p(yi+1),
which clearly implies what we want.
By renaming, we can just assume that we have two points y, yˆ ∈ E, with
the curve γ ⊂ E joining them which satisfies π(γ) = π(y) = π(yˆ), and
except possibly for the endpoints, γ is smooth with image contained in a
unique open stratum Ek\Ek+1 of codimension k in N˜ , for some 1 6 k 6 n.
Since En is a finite set of points, the case k = n is trivial (since by further
subdivisions of the curve γ we can always assume that the points y, yˆ are
close together), so we may assume that k < n, so Ek+1 is nonempty. We
then have three cases:
Case 1. Both y, yˆ lie on Ek\Ek+1.
We can assume that the points y, yˆ are close together, because otherwise
we can split the path γ into smaller parts. This way, we can assume that
the points y, yˆ are close, both contained in the same chart U as in Theorem
3.4. We can also assume that this chart is small enough so that after the
basechange q we can write q∗π∗ω =
√−1∂∂ϕ on U˜ for some continuous
psh function ϕ which is pulled back from N . The function ϕ is continuous
thanks to Ko lodziej’s theorem [36], see the discussion in [59, Section 4] for
details.
So we are on a unit polydisc U in Cn where E is described by t1 · · · tk = 0,
and Ek ∩ U = {t1 = · · · = tk = 0}. After the basechange q, on U˜ we have
that
(3.7) q∗π∗ω =
√−1
n∑
i,j=1
gijdti ∧ dtj ,
where on U˜\q−1(E) the functions gij satisfy the properties in Theorem 3.4,
in particular the functions gij where all i, j are > k, extend continuously
to all the polydisc U˜ . Note that over Ek the map q is the identity, so we
will abuse notation and denote the q-preimages of y, yˆ and γ by the same
symbols.
Suppose that γ is parametrized by the interval [0, 1], with γ(0) = y, γ(1) =
yˆ. Define sequences of points y′i, yˆ
′
i ∈ U˜\{t1 · · · tk = 0} by translating y, yˆ
by (1/i, . . . , 1/i, 0, . . . , 0) (i.e. in the positive t1, . . . , tk directions), so that
y′i → y, yˆ′i → yˆ. Similarly, translate the path γ in the same way to obtain
a sequence of paths γi contained in U˜\{t1 · · · tk = 0} which connect y′i and
yˆ′i, and with γ˙i(s) = γ˙(s) for all 0 < s < 1 and all i. Since the path γ is
contained in Ek, its tangent vector lies in the span of ∂∂tk+1 , . . . ,
∂
∂tn
(and their
conjugates), and so by Theorem 3.4 the norm squared |γ˙i(s)|2q∗π∗ω (which
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only involves the coefficients gij with i, j > k which extend continuously to
U˜) converges locally uniformly in s to a limit, as i→∞.
We now claim that this limit is in fact zero. To prove this, recall that
q∗π∗ω =
√−1∂∂ϕ where ϕ is pulled back from N , therefore it is constant
along the path γ, since it is constant on the whole fiber F of π ◦ q that
contains γ. But the fiber F is a complex subvariety of U˜ , and as we said
earlier we may assume that the image γ|(0,1) is all inside an open (positive-
dimensional) complex submanifold F ′ ⊂ F ⊂ Ek (one of the elements of
the stratification of F by locally closed smooth subvarieties) along which
ϕ is constant. Given any 0 < s < 1, we may choose our coordinates as
before so that near γ(s) we can write F ′ = {t1 = · · · = tℓ = 0} for some
k 6 ℓ < n. For each i let ιi : ∆
n−ℓ → U˜ be the embedding of the unit
polydisc in Cn−ℓ given by (tℓ+1, . . . , tn) 7→ (1/i, . . . , 1/i, tℓ+1, . . . , tn), whose
image contains the image of γi|(0,1). Then the pullbacks ι∗i q∗π∗ω converge
locally uniformly on ∆n−ℓ to a continuous limit ω0 as i→∞. At the same
time, ι∗i q
∗π∗ω =
√−1∂∂(ϕ ◦ ιi), and the functions ϕ ◦ ιi converge uniformly
to the restriction of ϕ to F ′, which is a constant. Therefore, ι∗i q
∗π∗ω → 0
weakly as currents on ∆n−ℓ, and hence ω0 = 0. It follows from this that
|γ˙i(s)|2q∗π∗ω → 0, locally uniformly in s, proving our claim.
We can then take the image under q to obtain sequences yi = q(y
′
i), yˆi =
q(yˆ′i) of points in U\E which converge to y, yˆ, and are joined by the paths
q(γi) in U\E whose π∗ω-length goes to zero. This proves that dπ∗ω(yi, yˆi)→
0, and so π(yi) and π(yˆi) converge to the same point in X, i.e. we have that
p(y) = p(yˆ).
Case 2. The point y lies on Ek\Ek+1 and the point yˆ lies on Ek+1.
Thanks to Case 1, we may assume that y and yˆ are very close together,
so that they both lie in a chart U where now E ∩ U = {t1 · · · tk+1 = 0},
with Ek ∩ U = {t1 = · · · = tk = 0}, Ek+1 ∩ U = {t1 = · · · = tk+1 = 0}.
Write t, tˆ for the (tk+2, . . . , tn) coordinates of y, yˆ respectively, so that in our
coordinates we have y = (0, . . . , 0, 1, t), yˆ = (0, . . . , 0, 0, tˆ) (up to scaling the
tk coordinate). For every i > 2, look at the point γ(1− 1/i) ∈ Ek\Ek+1.
Thanks to Case 1, there is 0 < ε2 ≪ 1 such that there is a path in U\E
joining (ε2, . . . , ε2, 1, t) and γ(1− 1/2)+ (ε2 , . . . , ε2, 0, . . . , 0) (k copies of ε2)
of π∗ω-length at most 1/2. Then, choose 0 < ε3 < ε2 such that there is a
path in U\E joining (ε3, . . . , ε3, 1, t) and γ(1 − 1/3) + (ε3, . . . , ε3, 0, . . . , 0))
of π∗ω-length at most 1/3. Continue this way to obtain a sequence εi → 0
and paths γi in U\E joining yi := (εi, . . . , εi, 1, t) and yˆi := γ(1 − 1/i) +
(εi, . . . , εi, 0, . . . , 0) of π
∗ω-length at most 1/i. This proves that dπ∗ω(yi, yˆi)→
0, and therefore p(y) = p(yˆ).
Case 3. Both y, yˆ lie on Ek+1.
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Recall that by construction we have that the path γ (except the endpoints)
is all contained in Ek\Ek+1. Then we can find points y′ = γ(ε), yˆ′ = γ(1 −
ε) ∈ Ek\Ek+1 which lie on γ, close to the corresponding y, yˆ (0 < ε ≪ 1).
Applying Case 2 we get that p(y′) = p(y) and p(yˆ′) = p(yˆ), while Case 1
gives p(y′) = p(yˆ′), and this completes the proof. 
Remark 3.7. In fact the smoothness of the base N was not used substan-
tially in our arguments, and Theorem 1.2 immediately extends to the case
when N is a possible singular projective variety. Indeed, in general the va-
riety N is the image of a map f : M → CPk for some k, and the Schwarz
Lemma argument at the beginning of this section applies with ωN replaced
with the Fubini-Study metric on CPk, and so as before we obtain a Lipschitz
map h : (X, dX ) → (CPk, ωFS) with image still equal to N , and this gives
h : X → N with h◦ψ = Id on N0 (where now the complement S′ of N0 in N
consists of the singular points of N together with the critical values of f in
the smooth part of N). As before we have a map π : N˜ → N , composition
of blowups with smooth centers, such that N˜ is smooth and π−1(S′) = E
is a divisor with simple normal crossings, and all the other arguments go
through verbatim. However, since no example of such fibrations withM hy-
perka¨hler and N singular is known (and it is conjectured that none exists,
cf. [31]), we have assumed for simplicity throughout the paper that N is
smooth.
4. Special Ka¨hler geometry
The goal of this section is to prove Theorem 3.4, and therefore also Theo-
rem 1.2 thanks to the results in sections 2 and 3. The proof depends heavily
on the geometry of special Ka¨hler metrics. The notion of a special Ka¨hler
metric was introduced by physicists (cf. [13, 11, 30, 56]), and an intrinsic
definition was given in [13]. Special Ka¨hler metrics exist on the base of al-
gebraic completely integrable systems, and conversely such metrics, at least
locally, induce algebraic completely integrable systems (provided that they
are integral, in a suitable sense). We review some background of special
Ka¨hler geometry, following [13] closely, and then we prove Theorem 3.4.
4.1. Special Ka¨hler metrics. Let (N0, ω) be a (possibly noncompact)
Ka¨hler manifold of dimension n. A special Ka¨hler structure is a real torsion-
free flat connection ∇ on TN0 such that
∇ω = 0, d∇I = 0,
where I is the complex structure of N0.
For a special Ka¨hler manifold (N0, ω), it is shown in [13] that N0 admits
local flat Darboux coordinates, i.e. for any point y ∈ N0, there are real
coordinates y1, · · · , y2n on a neighborhood of y such that ∇dyi = 0, i =
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1, · · · , 2n, and
(4.1) ω =
n∑
i=1
dyi ∧ dyi+n.
The transition functions between two such coordinates are of the form y′j =
2n∑
i=1
Ajiyi + bj, bj ∈ R, and A = (Aji) ∈ Sp(2n,R). Hence the local flat
Darboux coordinates covering gives a real affine manifold structure on N0.
If we have A ∈ Sp(2n,Z) then we call it an integral special Ka¨hler manifold.
If y1, · · · , y2n are local flat Darboux coordinates, there are two holomor-
phic coordinates systems {w1, · · · , wn} and {w∗1, · · · , w∗n} satisfying that
(4.2) dyi = Redwi, dyi+n = −Redw∗i , i = 1, · · · , n.
We call {wi} the special coordinates system and {w∗i } the conjugate coor-
dinates system. We define a complex matrix Z = [Zij] by
(4.3) Zij =
∂w∗j
∂wi
.
The Ka¨hler form ω being a (1, 1)-form implies that Zij = Zji, and there is
a holomorphic function F, called a holomorphic prepotential function, such
that w∗i =
∂F
∂wi
, Zij =
∂2F
∂wi∂wj
. The Ka¨hler potential is given by
φ =
1
2
Im
(
n∑
i=1
w∗i w¯i
)
,
and the Ka¨hler metric is
(4.4) ω =
√−1∂∂φ =
√−1
2
∑
ij
ImZijdwi ∧ dw¯j.
Thus Z satisfies the Riemann relations
(4.5) ZT = Z, ImZ > 0,
i.e. Z belongs to the Siegel upper half space Hn.
If g denotes the corresponding Riemannian metric of (ω, I), then g is
an affine Ka¨hler metric with respect to the local flat Darboux coordinates
y1, · · · , y2n (cf. [13, 30]), i.e.
(4.6) g =
∑
ij
∂2φ
∂yi∂yj
dyidyj.
Furthermore, g is a Monge-Ampe`re metric, i.e. the potential function φ
satisfies the real Monge-Ampe`re equation
det
(
∂2φ
∂yi∂yj
)
≡ const,
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since √
det(gij)dy1 ∧ · · · ∧ dy2n = 1
n!
ωn.
In [41], it is proved that if (N0, ω) is complete, then ω is a flat metric
(see also [10]), which can also be obtained by using Cheng-Yau’s theorem
for Monge-Ampe`re metrics in the case when N0 is compact [7, Corollary
2.3]. Therefore, many interesting examples of special Ka¨hler manifolds are
not complete, and it is a natural question to study their completions.
4.2. Algebraic completely integrable systems. An algebraic completely
integrable system is a holomorphic Lagrangian fibration f : M0 → N0 from
a quasiprojective manifold M0 with dimCM0 = 2n, to a Ka¨hler manifold
N0 with dimCN0 = n, i.e. M0 admits a holomorphic symplectic form Ω
and the class [α] of an ample line bundle, f : M0 → N0 is a proper holo-
morphic submersion with connected fibers, and every fiber My = f
−1(y),
y ∈ N0, is a complex Lagrangian submanifold with respect to Ω. This forces
every fiberMy to be an Abelian variety (without a specified origin) with the
polarization [αy] = [α|My ], and the polarization is of type (d1, · · · , dn), for
some di ∈ N.
It is shown in [13, Section 3] or [30, Theorem 2] that an integral special
Ka¨hler structure exists on the base of an algebraic completely integrable
system, and more generally on the moduli space of holomorphic Lagrangian
submanifolds in hyperka¨hler manifolds (see also [43]). We recall the con-
struction.
The vector bundle E = f∗(T
(1,0)
M0/N0
) is isomorphic to T ∗(1,0)N0 via the
pairing induced by Ω, and the fiberwise action of E onM0 by exponentiation
has as kernel a lattice subbundle Λˇ ⊂ T ∗(1,0)N0, with fiber Λˇy ∼= H1(My,Z)
for any y ∈ N0, i.e. Λˇ = HomZ(R1f∗Z,Z). The quotient T ∗(1,0)N0/Λˇ
is called the Jacobian family of f (see e.g. [8, Section 2.1], [13, Section
3], [44, Proposition 2.1]), and is also a holomorphic Lagrangian fibration
from a hyperka¨hler quasiprojective manifold (with a polarization which is
induced by [α] on M0) with fibers isomorphic to those of f (as polarized
Abelian varieties) for all y ∈ N0. The Jacobian fibration comes with a
holomorphic Lagrangian section, and over every coordinate ball B ⊂ N0
the original family f also admits a holomorphic Lagrangian section, and
therefore is isomorphic to the Jacobian family over any such B (cf. [13,
p.43], [31, Proposition 3.5], [32, Proposition 2.4]), but there may be no
such isomorphism globally over N0 precisely because f need not have a
holomorphic Lagrangian section on all of N0.
The special Ka¨hler metric induced by f is then defined purely using the
Jacobian family as follows. There is a canonical holomorphic symplectic
form Ωcan on the holomorphic cotangent bundle T
∗(1,0)N0, which is char-
acterized by dζ = −ζ∗Ωcan for any 1-form ζ. Under a local trivialization
T ∗(1,0)N0|U ∼= U × Cn by
∑
i
zidwi 7→ (w1, · · · , wn, z1, · · · , zn), over some
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open subset U ⊂ N0, we have
(4.7) Ωcan =
n∑
i=1
dwi ∧ dzi.
Any local section of Λˇ is holomorphic Lagrangian with respect to Ωcan.
Since T ∗(1,0)N0 is canonically isometric to the tangent bundle T ∗N0 as real
smooth vector bundles, we have that Λˇ ⊗Z R ∼= T ∗N0, and the embedding
Λˇ →֒ T ∗(1,0)N0 is given by vˇ 7→ vˇ(1,0) = vˇ −
√−1Ivˇ. The dual lattice
bundle of Λˇ is Λ = R1f∗Z ∼= HomZ(Λˇ,Z), and is a lattice subbundle of
the tangent bundle TN0. The torsion-free flat connection ∇ in the special
Ka¨hler structure is the connection such that any local section of Λ is parallel.
Let ωSF be the (1, 1)-form on T
∗(1,0)N0/Λˇ constructed in Theorem 3.1, so
that the restriction ωSF,y = ωSF|My on T ∗(1,0)y N0/Λˇy ∼=My is the flat Ka¨hler
metric representing [αy]. Therefore ωSF is a real bundle symplectic form
on T ∗(1,0)N0, i.e. ωSF,y is a linear symplectic form on T
∗(1,0)
y N0. Since ωSF
represents an integral cohomology class on the fibers, it defines an integral
symplectic form on Λˇ. If vˇ1, · · · , vˇ2n are local sections of Λˇ, which are
symplectic basis with respect to ωSF, i.e.
(4.8) ωSF(vˇi, vˇj) = 0, ωSF(vˇi+n, vˇj+n) = 0 and ωSF(vˇi, vˇj+n) = diδij ,
1 6 i, j 6 n, then local flat Darboux coordinates y1, · · · , y2n are defined
such that dyi = d
−1
i vˇi and dyi+n = −vˇi+n, i = 1, · · · , n. Here we regard Λˇ
as a lattice subbundle of T ∗N0, and vˇi, i = 1, · · · , 2n, as real 1-forms.
We have the special coordinates w1, · · · , wn and the conjugate coordinates
w∗1, · · · , w∗n, and Zij =
∂w∗j
∂wi
. The image of Λˇy →֒ T ∗(1,0)y N0 is generated by
dwi and dw
∗
i , i = 1, · · · , n, and the period matrix of the Abelian variety My
is [∆d, Zij(y)], where ∆d = diag(d1, · · · , dn). By (4.1) and (4.4), the special
Ka¨hler form is given as
(4.9) ω =
n∑
i=1
dyi ∧ dyi+n =
√−1
2
∑
ij
ImZijdwi ∧ dw¯j .
We end this subsection by showing the following local calculation of the
Ricci curvature of the special Ka¨hler metric. A more general result is proved
by the first-named author in [59, Proposition 4.1] (see also [55]) in the case
when M → N is a holomorphic fiber space with M Calabi-Yau, and N
compact.
Proposition 4.1. The Ricci form of the special Ka¨hler metric ω is the
Weil-Petersson form ωWP of the family of Abelian varieties f : M0 → N0,
i.e.
Ric(ω) = ωWP .
Proof. Locally on N0 we have
Ric(ω) = −√−1∂∂ log det(ImZij).
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For a sufficiently small open subset U ⊂ N0, f−1(U) ∼= U × Cn/ΛˇU , where
ΛˇU = SpanZ(diag(d1, · · · , dn)|Zij), and f is the projection to U . We denote
z1, · · · , zn the coordinates on Cn, and Θ = dz1∧· · ·∧dzn. The Weil-Petersson
form (see e.g. [59, 55]) is defined by
ωWP = −
√−1∂∂ log
∫
My
(−1)n
2
2 Θ ∧Θ = −√−1∂∂ log Vy,
where Vy is the Euclidean volume of My ∼= Cn/ΛˇU,y. We obtain the conclu-
sion by Vy = det(ImZij)
∏
k
dk. 
4.3. Estimates from degenerations of Hodge structures. Now we are
ready to prove Theorem 3.4.
Proof of Theorem 3.4. Let ω be the special Ka¨hler metric on N0 induced
by the algebraic completely integrable system (f : M0 → N0, [α],Ω), as
explained in previous subsection. Recall that f comes from a map f :M →
N as in the Introduction, with M projective hyperka¨hler, that N0 = N\S′,
where S′ is the discriminant locus of f , and that π : N˜ → N is a modification
with E = π−1(S′) a simple normal crossings divisor.
Let ∇ be the flat connection of the special Ka¨hler structure, and let Λˇ
and Λ be the lattice bundles as in last subsection, i.e. Λ ∼= R1f∗Z and Λˇ ∼=
HomZ(Λ,Z). We have the canonical identifications ΛˇR = Λˇ ⊗Z R ∼= T ∗N0,
ΛR = Λ ⊗Z R ∼= R1f∗R ∼= TN0 and H1,0(My) ∼= T (1,0)y N0 for any y ∈ N0.
There is a weight-one integral polarized variation of Hodge structures on N0
given by the quadruple
(F1 = T (1,0)N0 ⊂ F0 = TN0 ⊗R C,Λ ⊂ TN0,∇, ω)
(in fact this data is equivalent to an integral special Ka¨hler structure, cf.
[11, 8.4], [28, Section 3.3] or [2, Section 3]). Since π : N˜\E → N0 is a
biholomorphism, we can also view this as a variation of Hodge structures on
N˜\E. To alleviate notation, we will denote π∗ω simply by ω.
Let U be a local chart near a point of E, and {t′1, · · · , t′n} be coordinates
on U such that E ∩ U is given by {t′1 · · · t′k = 0}, and {t′i = 0} = Eji ∩ U
for some 1 6 ji 6 µ, and all 1 6 i 6 k. For a fixed y ∈ U\E, the lattice
bundles Λˇ and Λ induce monodromy representations ρˇ : π1(U\E)→ AutΛˇy
and ρ : π1(U\E) → AutΛy respectively. For γ ∈ π1(U\E), we denote
Tγ : Λy → Λy and Tˇγ : Λˇy → Λˇy the corresponding monodromy operators of
ρ and ρˇ. If 〈·, ·〉 denotes the pairing between Λˇ and Λ, we have
〈Tˇγα, β〉 = 〈α, Tγ−1β〉
for any α ∈ Λˇy and β ∈ Λy by 〈Tˇγα, β〉 = 〈Pˇγ−1(t)Tˇγα,Pγ−1(t)β〉, t ∈ [0, 1],
where Pγ−1(t) and Pˇγ−1(t) are parallel transports of Λ and Λˇ respectively.
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Lemma 4.2. There are positive integers mi ∈ N, 1 6 i 6 µ, such that the
following holds. Let q : U˜ → U be the branched covering given by
q(t1, . . . , tn) = (t
mj1
1 , . . . , t
mjk
k , tk+1, . . . , tn),
where t1, · · · , tn are coordinates on U˜ . We denote still by Λ and Λˇ the
pullbacks of the respective lattice bundles via q. Then we have
i) For any γ ∈ π1(U˜\q−1(E)), the monodromy operators of Λ and Λˇ,
still denoted by Tγ and Tˇγ, satisfy
(Tγ − I)2 = 0, (Tˇγ − I)2 = 0.
ii) There are multivalued sections vˇ1, · · · , vˇ2n of Λˇ ⊂ T ∗(U˜\q−1(E))
such that
q∗ω = −
n∑
i=1
d−1i vˇi ∧ vˇn+i.
iii) For any γ ∈ π1(U˜\q−1(E)), Tˇγ vˇj = vˇj, j = 1, · · · , n. Hence vˇ1, · · · , vˇn
are in fact single-valued sections of Λˇ over U˜\q−1(E).
Proof. By shrinking U if necessary, we may assume that π1(U\E) ∼= Zk,
generated by loops which wrap once around each component of E that in-
tersects U . The Monodromy theorem (cf. Chapter II of [19]) shows that for
every γ ∈ π1(U\E) the eigenvalues of Tγ are roots of unity, and if we take
γ to be a loop which wraps once around the irreducible component Ei of
E then we get one eigenvalue which is an mthi root of unity (and the oth-
ers equal 1), with mi being independent of which particular loop we choose
(once we fix its orientation). This way we obtain the positive integers mi,
1 6 i 6 µ, and we can locally define the branched covering q : U˜ → U as
in (3.5), such that for any γ ∈ π1(U˜\q−1(E)), (Tγ − I)2 = 0. By duality,
(Tˇγ − I)2 = 0, and thus both Tγ and Tˇγ are unipotent.
If we let Nγ = log Tγ = Tγ − I, then Nγ is an element in the Lie algebra
g0 = {N ∈ HomR(ΛR,y,ΛR,y)|ω(N·, ·) + ω(·,N·) = 0}
(cf. Chapter V of [19]). Let γi, i = 1, · · · , k, be the generators of π1(U˜\q−1(E)),
and denote Ti = Tγi , Ni = log Ti, i = 1, · · · , k. The monomdromy cone is
the open cone
Σ =
{∑
i
νiNi|νi > 0
}
⊂ g0.
Note that for any N ∈ Σ, we have N 2 = 0. If N = ∑
i
νiNi, then N =
log
∏
i
T νii . Since T =
∏
i
T νii is the monodromy operator of the curve
∏
i
γνii ,
we have N 2 = (T − I)2 = 0.
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For any N ∈ Σ, we have W0 = ImN = ⊕ki=1ImNi and W1 = kerN =
k⋂
i=1
kerNi by [4, Lemma 2.2], which give the monodromy weight filtration
{0} ⊂W0 ⊂W1 ⊂W2 = ΛR,y.
Then W0 is an isotropic subspace and
W1 =W
⊥
0 = {u ∈ ΛR,y|ω(u, v) = 0,∀v ∈W0},
by ω(N·, ·) + ω(·,N·) = 0. Thus we have a Lagrangian subspace W0 ⊂
L ⊂ W1, and a symplectic basis {v1, · · · , v2n} of ω such that ω(vi, vj) = 0,
ω(vi+n, vj+n) = 0 and ω(vi, vj+n) = −d−1i δij , 1 6 i, j 6 n, and L =
R{vn+1, · · · , v2n}. By varying y in U˜\q−1(E), we regard vn+1, · · · , v2n
as (single-valued) sections of Λ on U˜\q−1(E) (since they lie in W1 and
so are monodromy invariant), and v1, · · · , vn as multi-valued sections. If
vˇ1, · · · , vˇ2n are dual multisections of Λˇ, we have q∗ω = −
∑
i
d−1i vˇi ∧ vˇn+i.
Note that Tγvi+n = vi+n, and Tγvi − vi ∈ W0 ⊂ L, i = 1, · · · , n, for any
γ ∈ π1(U˜\q−1(E)). We have 〈Tˇγ vˇi, vj+n〉 = 〈vˇi, vj+n〉 = 0, and 〈Tˇγ vˇi, vj〉 =
〈vˇi, vj + (Tγ−1vj − vj)〉 = δij , 1 6 i, j 6 n. Thus Tˇγ vˇi = vˇi for any γ, and so
vˇ1, · · · , vˇn are single-valued sections of Λˇ ⊂ T ∗(U˜\q−1(E)). 
Note that ΛR ∼= T U˜\q−1(E), ΛˇR ∼= T ∗U˜\q−1(E) and Λˇ is identified as a
lattice subbundle in T ∗(1,0)U˜\q−1(E) via vˇ 7→ vˇ(1,0) = (1 − √−1I)vˇ, where
I is the complex structure of U˜ . The multisections vˇ
(1,0)
j , j = 1, · · · , 2n, are
therefore holomorphic (and those with j = 1, · · · n are single-valued).
For y ∈ U\E the Abelian varietiesMy ∼= T ∗(1,0)y U˜/Λˇy, with Λˇy ∼= SpanZ(vˇ(1,0)1 , · · · , vˇ(1,0)2n ),
have period matrices [∆d, Z], where ∆d = diag(d1, · · · , dn), and as in the
previous section Z is a multi-valued holomorphic map from U\E to the
Siegel upper half space Hn. Pulling back by q we will also regard Z as
a multi-valued map from U˜\q−1(E), which has the property that vˇ(1,0)j+n =
n∑
i=1
Zjid
−1
i vˇ
(1,0)
i , j = 1, · · · , n. From Lemma 4.2 (ii) we then get
(4.10) q∗ω = −
n∑
i=1
d−1i vˇi ∧ vˇn+i = 2
√−1
n∑
i,j=1
d−1i d
−1
j ImZij vˇ
(1,0)
i ∧ vˇ(1,0)j .
The following lemma is a standard consequence of the Nilpotent Orbit
Theorem [53, Theorem 4.12], see e.g. Chapter V of [19], and we present the
brief proof for the sake of completeness.
Lemma 4.3. There are rational matrices ηi, i = 1, · · · , k, and a holomor-
phic matrix valued function Q(t) on U˜ such that
Z(t) = Q(t) +
k∑
i=1
log ti
2π
√−1∆dηi.
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Furthermore, there is a constant λ > 0 such that all eigenvalues of ImZ(t)
are bounded below by λ as t ∈ U˜\q−1(E) approaches q−1(E).
Proof. Note that there are unique local sections θ1, · · · , θn of F1 = T (1,0)U˜\q−1(E)
such that 〈θi, vˇj〉 = diδij , 1 6 i, j 6 n, and equivalently 〈θi, vˇ(1,0)j 〉 = 2diδij .
Hence 〈θi, vˇ(1,0)j+n 〉 = 2Zji, 〈θi, vˇj+n〉 = Zji, and
θi = divi +
n∑
j=1
Zijvj+n, i = 1, · · · , n.
Let D be the classifying space of the polarized variation of Hodge struc-
tures (T (1,0)N0 ⊂ TN0 ⊗R C,Λ, ω), and P : U˜\q−1(E) → D/Γ be the the
period map, where Γ is a discrete subgroup of Sp(2n,R) depending on the
polarization ω. Note that D can be identified as the Siegel upper half space
Hn = {n × n complex matrix A|AT = A, ImA > 0},
via T (1,0)N0 = SpanC(θ1, · · · , θn) 7→ Z(t).
The universal covering U¯ → U˜\q−1(E) is given by ti = exp 2π
√−1qi,
i = 1, · · · , k, and tj = qj, j = k + 1, · · · , n. If P˜ : U¯ → D is the lifting of P,
we have
P˜(· · · , qi + 1, · · · ) = TiP˜(· · · , qi, · · · ), i = 1, · · · , k.
Equivalently, [
∆d, Z(qi + 1)
]
=
[
∆d, Z(qi)
] [I, ηi
0, I
]
,
where
[
I, 0
ηTi , I
]
is the matrix of Ti with respect to the basis v1, · · · , v2n, which
are rational matrices, and thus
Z(qi + 1) = Z(qi) + ∆dηi.
If we define
Q˜ = exp
(
−
k∑
i=1
qiNi
)
P˜ ,
where Ni = log Ti = Ti− I, then Q˜(· · · , qi+1, · · · ) = Q˜(· · · , qi, · · · ), and Q˜
descends to a holomorphic map Q : U˜\q−1(E)→ D.
By the Schmid’s Nilpotent Orbit Theorem [53, Theorem 4.12] (see also
Chapter V of [19]), Q extends to a holomorphic map Q : U˜ → Dˇ, where
as in [53] Dˇ denotes the compact dual of D, which implies that there is a
symmetric-matrices valued holomorphic function Q(t) on U˜ such that
[
∆d, Q(t)
]
=
[
∆d, Z(t)
] k∏
i=1
[
I,−qiηi
0, I
]
.
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Thus
Z(t) = Q(t) +
k∑
i=1
log ti
2π
√−1∆dηi.
To estimate the eigenvalues of ImZ(t), we note as in [19, Chapter V] that
each of the matrices ηi is of the form
[
η1i 0
0 0
]
with ηi a ν× ν positive definite
symmetric matrix, where ν = dimW0 6 n. Positive definiteness follows
from the Nilpotent Orbit Theorem, which also implies that the imaginary
part of
Q(0, . . . , 0, tk+1, . . . , tn) +
k∑
i=1
log ti
2π
√−1∆dηi,
is strictly positive definite (say with smallest eigenvalue 2λ > 0) whenever
t1, . . . , tk are sufficiently small while tk+1, . . . , tn remain in a fixed small
polydisc. From this, and the fact that Q is holomorphic on all of U˜ , it follows
easily that the smallest eigenvalue of ImZ(t) is at least λ as t approaches
q−1(E). 
Lemma 4.4. The sections vˇ
(1,0)
1 , · · · , vˇ(1,0)n of Λˇ over U˜\q−1(E) extend to
holomorphic 1-forms on U˜ .
Proof. Writing vˇ
(1,0)
j (t) =
∑n
k=1 h
k
j (t)dtk for some holomorphic functions
hkj (t) on U˜\q−1(E), (4.10) gives us
q∗ω = 2
√−1
n∑
i,j,k,ℓ=1
d−1i d
−1
j ImZij(t)h
k
i (t)h
ℓ
j(t)dtk ∧ dtℓ
> C−1
√−1
n∑
i,k,ℓ=1
hki (t)h
ℓ
i(t)dtk ∧ dtℓ,
using Lemma 4.3. Since the coefficients of the closed positive current q∗ω
on U˜ are Radon (complex) measures, they have locally finite mass near
any point in q−1(E), and so by the previous inequality all the holomorphic
functions hki are L
2 integrable on U˜\q−1(E) (up to shrinking U˜), and hence
they extend holomorphically across q−1(E) (see e.g. [52, Proposition 1.14]).

Since vˇ
(1,0)
j , j = 1, · · · , n, are holomorphic Lagrangian sections of T ∗(1,0)U˜\q−1(E)
with respect to the canonical holomorphic symplectic form Ωcan, the ex-
tensions vˇ
(1,0)
1 , · · · , vˇ(1,0)n are holomorphic Lagrangian sections of T ∗(1,0)U˜ .
Then dvˇ
(1,0)
j = (vˇ
(1,0)
j )
∗Ωcan = 0, j = 1, · · · , n, (where the (1, 0) form vˇ(1,0)j
gives a holomorphic map U˜ → T ∗(1,0)U˜ , under which we pull back the
canonical holomorphic symplectic form), and there are holomorphic func-
tions w1, · · · , wn on U˜ such that vˇj = djRedwj , j = 1, · · · , n, which give
special holomorphic coordinates on U˜\q−1(E).
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Given any point in U˜\q−1(E), we can define the conjugate coordinates
w∗1, · · · , w∗n in a neighborhood of the point by Redw∗j = vˇj+n. This way
we obtain that the holomorphic multivalued matrix function Z = [Zij ] on
U˜\q−1(E) is in fact equal to Zij = ∂w
∗
j
∂wi
.
Lemma 4.3 implies that there are bpij ∈ Q, p = 1, · · · , k, 1 6 i, j 6 n, such
that
Zij(t) = Qij(t) +
k∑
p=1
log tp
2π
√−1b
p
ij .
If we denote Gij =
∑
p
Zip
∂wp
∂tj
=
∂w∗i
∂tj
, then dw∗i =
∑
j
Gijdtj , and
Gij(t) = Aij(t) +
k∑
p=1
log tp
2π
√−1B
p
ij(t),
where Aij(t) and B
p
ij(t) are holomorphic functions on U˜ . By 0 = ddw
∗
i =
d
(∑
j
Gijdtj
)
, we have
∂Gij
∂tℓ
=
∂Giℓ
∂tj
,
for any j 6= ℓ, and
∂Aij
∂tℓ
+
ε(ℓ)Bℓij
2π
√−1tℓ
+
k∑
p=1
log tp
2π
√−1
∂Bpij
∂tℓ
=
∂Aiℓ
∂tj
+
ε(j)Bjiℓ
2π
√−1tj
+
k∑
p=1
log tp
2π
√−1
∂Bpiℓ
∂tj
,
where ε(x) = 1 if 1 6 x 6 k, and ε(x) = 0 if k + 1 6 x 6 n. For any given
1 6 ℓ 6 k, and j 6= ℓ and any i, we use this equation near a point where
tℓ = 0 and tj 6= 0, and see that Bℓij/tℓ blows up at worst logarithmically near
tℓ = 0. Therefore B
ℓ
ij = tℓB˜
ℓ
ij and B
j
iℓ = tjB˜
j
iℓ, for any j 6= ℓ 6 k, where B˜ℓij
are holomorphic functions. We obtain that
(4.11) Gij(t) = Aij(t) +
ε(j) log tj
2π
√−1 B
j
ij(t) +
∑
p 6=j
tp log tp
2π
√−1B˜
p
ij(t),
where the summation is for 1 6 p 6 k and p 6= j. Since |t log t| → 0 when t
approaches 0 (for any given branch of log), we get
Gij(t) =
ε(j) log tj
2π
√−1 B
j
ij +O(1).
Since
q∗ω =
1
4
∑
ij
(Zij − Zij)dwi ∧ dw¯j = 1
4
∑
i
(dw∗i ∧ dw¯i − dwi ∧ dw¯∗i ),
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we have
(4.12)
gij¯ =
−√−1
4
∑
p
(
∂w∗p
∂ti
∂wp
∂tj
− ∂wp
∂ti
∂w∗p
∂tj
)
=
−√−1
4
∑
p
(
Gpi
∂wp
∂tj
− ∂wp
∂ti
Gpj
)
.
We obtain the conclusion that
|gij¯ | 6 C(1− ε(i) log |ti| − ε(j) log |tj |), i, j = 1, · · · , n,
for a uniform constant C > 0. Furthermore the (single-valued) functions gij
with i, j > k extend continuously to U˜ since in (4.12) only the (multi-valued)
functions Gpi with i > k are involved, so we can use (4.11) and again that
|t log t| → 0 as t→ 0, for any given branch of log. 
Remark 4.5. In the case when f : M → N is an elliptic surface, then Ko-
daira’s classification of the possible singular fibers [33] gives explicit formulas
for the (multivalued) period function τ(y), such that Λˇy = SpanZ(1, τ(y)),
from which one can explicitly see that, after a branched covering y = tk,
the only possible singularities of τ(t) are of the form log t (see e.g. [26,
p.377]). Lemma 4.3 is a (well-known) higher-dimensional generalization of
this observation. Very similar (and more precise) estimates were obtained
by Hwang-Oguiso [32] under more restrictive assumptions.
5. Applications to SYZ for hyperka¨hler manifolds
In this section we apply Theorem 1.2 to a refined SYZ conjecture due
to Gross-Wilson ([25, Conjecture 6.2]), Kontsevich-Soibelman ([37, Conjec-
tures 1 and 2]) and Todorov ([42, p. 66]) (see also [16]).
5.1. Metric SYZ. Let X be a Calabi-Yau n-manifold, and MX be the
moduli space of complex deformations of X. If MX denotes a certain com-
pactification, then a large complex limit point p ∈MX is a point represent-
ing the ‘worst possible degeneration’ of the complex structures, which can
be formulated via Hodge theory (cf. [47]). Mirror symmetry predicts that
for any large complex limit point p ∈ MX , there is an another Calabi-Yau
manifold Xˇ, called the mirror, and an isomorphism between a neighborhood
of p in MX and a neighborhood of a large radius limit in the complexified
Ka¨hler moduli space of Xˇ, which preserves some additional structures such
as Yukawa couplings. Here a large radius limit point means the limit of
exp 2π
√−1(B + s√−1ωˇ), when s → ∞, in a certain compactification of
H2(Xˇ, U(1))+
√−1KXˇ , where KXˇ is the Ka¨hler cone, ωˇ is a Ka¨hler metric,
and B ∈ H2(Xˇ, U(1)) is called a B-field.
In [57], Strominger, Yau and Zaslow proposed a conjecture, the so called
SYZ conjecture, for constructing mirror Calabi-Yau manifolds via dual spe-
cial Lagrangian fibrations. More precisely, the SYZ conjecture says that
near a large complex structure limit point p, the corresponding Calabi-Yau
manifolds should admit a special Lagrangian torus fibration such that the
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mirror Xˇ should be obtained as a compactification of the dual torus fibra-
tion, after suitable instanton corrections induced from the singular fibers.
This has generated an immense amount of work, and we refer the reader to
the surveys [1, 20, 21] and references therein for more information.
Later, a metric version of the SYZ conjecture was proposed by Gross, Wil-
son, Kontsevich, Soibelman and Todorov [25, 37, 38, 42] by using the collaps-
ing of Ricci-flat Ka¨hler metrics, which is also related to non-Archimedean
geometry (cf. [3]). Let Xt, t ∈ (0, 1], be a family of n-dimensional Calabi-
Yau manifolds such that the complex structures of Xt converge to a large
complex limit point p in MX . The metric SYZ conjecture [25, Conjecture
6.2], [37, Conjecture 1], asserts that there are Ricci-flat Ka¨hler metrics ω˜t
on Xt, for t 6= 0, such that (Xt,diam−2ω˜t (Xt)ω˜t) converges to a compact
metric space (Y, dY ) in the Gromov-Hausdorff sense, when t→ 0. Further-
more, there is an open and dense subset Y0 ⊂ Y which is a smooth real
n-dimensional Riemannian manifold (Y0, g), and admits a real affine struc-
ture. The singular locus SY = Y \Y0 is of Hausdorff codimension at least
2. The metric space (Y, dY ) is the metric completion of (Y0, g), and g is
a Monge-Ampe`re metric on Y0, i.e. in local affine coordinates (y1, · · · , yn),
there is a potential function φ such that
g =
∑
ij
∂2φ
∂yi∂yj
dyidyj , and det
( ∂2φ
∂yi∂yj
)
= c,
for some c ∈ R>0. When ω˜t have holonomy SU(n) (resp. hyperka¨hler), Y
should be homeomorphic to an n-sphere (resp. CPn). It is not hard to see
that the conjecture is true when Xt are Abelian varieties (see e.g. [51]).
This conjecture was verified by Gross and Wilson for elliptically fibered K3
surfaces with only type I1 singular fibers in [25], for large complex structure
limits which arise as hyperka¨hler rotations from our setup in the Introduc-
tion. In [24], Gross-Wilson’s result was extended to all elliptically fibered K3
surfaces, and a partial results for higher dimensional hyperka¨hler manifolds
were obtained in [23, 24]. As mentioned in the Introduction, Corollary 1.3
proves this conjecture for all large complex structure limits of projective hy-
perka¨hler manifolds which arise from our setup via hyperka¨hler rotation. An
analogue of this conjecture was proved for canonically polarized manifolds
in [69].
The next step in the SYZ program is to construct the mirror Xˇ as a
certain compactification of TY0/Λ, for a lattice subbundle Λ of TY0. This is
the so called the reconstruction problem, and is of great interest in mirror
symmetry (see [20, 38, 22]). The reconstruction problem suggests a more
explicit behaviour of the Ricci-flat Ka¨hler metrics ω˜t near the collapsing limit
[37, Conjecture 2], which asserts that ω˜t is asymptotic to certain semi-flat
Ricci-flat Ka¨hler metrics.
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5.2. Semi-flat hyperka¨hler structures. In this subsection, we recall the
construction of semi-flat hyperka¨hler structures on algebraic completely in-
tegrable systems [13], and the semi-flat SYZ construction studied in [30, 29].
The next subsection applies Theorem 1.2 to the metric version of SYZ con-
jecture for compact hyperka¨hler manifolds, and shows that the hyperka¨hler
structures approach such semi-flat hyperka¨hler structures near the limit. We
use the same notations as in subsection 4.2.
Let (f : M0 → N0, [α],Ω) be an algebraic completely integrable system,
ω be the induced special Ka¨hler metric on N0, and g be the corresponding
Riemannian metric. The fibers My = f
−1(y), y ∈ N0, are Abelian vari-
eties of type (d1, . . . , dn). Assume furthermore that there is a holomorphic
Lagrangian section σ : N0 → M0, which as mentioned in subsection 4.2
implies that M0 ∼= T ∗(1,0)N0/Λˇ for a lattice subbundle Λˇ, and as before
let p : T ∗(1,0)N0 → M0 be the holomorphic covering map, which satisfies
Ωcan = p
∗Ω, and Λˇ = ker p.
For any t ∈ (0, 1], we define a family of semi-flat Ka¨hler metrics on M0
by
(5.1) ωSF,t = t
− 1
2 f∗ω + t
1
2ωSF,
where ωSF is given by Theorem 3.1, which satisfies ωSF,t|My =
√
tωSF|My ∈√
t[αy], for any y ∈ N0, and we denote by gSF,t the corresponding Riemann-
ian metric. Note that t
1
2ωSF,t is the semi-flat Ka¨hler metric constructed in
Section 2 of [23]. For any fiber My, the diameter
diam(My, gSF,t|My) 6 Ct
1
4 → 0, when t→ 0,
and thus (M0, gSF,t) collapses the torus fibers.
For an open subset U ⊂ N0, let y1, · · · , y2n be the flat Darboux coor-
dinates such that dyi satisfy (4.8). For the local trivialization T
∗N0|U ∼=
U × R2n by ∑
i
xidyi 7→ (y1, · · · , y2n, x1, · · · , x2n), dx1, · · · , dx2n are well-
defined closed 1-forms on f−1(U), and we have
(5.2) ωSF = −
n∑
i=1
dxi ∧ dxi+n =
√−1
2
∑
ij
ImZ−1ij ϑi ∧ ϑ¯j ,
where ϑi = dxi −
n∑
j=1
Zijdxj+n, i = 1, · · · , n, which may not be closed (cf.
[26, Lemma 3.3]). Thus
ωSF,t = t
− 1
2
n∑
i=1
dyi ∧ dyi+n − t
1
2
n∑
i=1
dxi ∧ dxi+n.
In particular, we see that p∗ω2nSF,t = Ω
n
can ∧ Ωncan, which shows that, by
changing variables if necessary, (p∗ωSF,t,Ωcan = p∗Ω) is the hyperka¨hler
structure on T ∗(1,0)N0 constructed in Section 2 of [13] (see also [26, Section
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3.2]), and (ωSF,t,Ω, gSF,t), t ∈ (0, 1], is a family of hyperka¨hler structures on
M0.
By hyperka¨hler rotation, we define a family of complex structures Jt with
hyperka¨hler structures
(5.3) ωJt = ReΩ, ΩJt = ImΩ +
√−1ωSF,t,
and the fibration f :M0 → N0 is a special Lagrangian fibration with respect
to (ωJt,Ω
n
Jt
).
Note that ω =
∑
i
dyi∧dyi+n under the flat Darboux coordinates y1, · · · , y2n,
and g is a Monge-Ampe`re metric with the local potential φ, i.e. φij =
∂2φ
∂yi∂yj
= gij as shown in subsection 4.1. The Legendre transform of the
local potential function φ gives the dual affine structure, which is defined by
the local dual affine coordinates φ1 =
∂φ
∂y1
, · · · , φ2n = ∂φ∂y2n .
Lemma 5.1. The Ka¨hler form ωJt is induced by the canonical symplectic
form on T ∗N0, i.e.
ωJt =
2n∑
i=1
dyi ∧ dxi.
If we let
χt,i = exp 2π
√−1(xi +
√−1t− 12φi), i = 1, · · · , 2n,
then χt,1, · · · , χt,2n are holomorphic Darboux coordinates on f−1(U) with
respect to Jt, and
ΩJt =
t
1
2
4π2
√−1
n∑
i=1
dχt,i
χt,i
∧ dχt,i+n
χt,i+n
.
Proof. Denote by I the complex structure on N0. By g(·, ·) = ω(·, I·), if
I( ∂∂yi ) =
∑
j
∂
∂yj
Iji, then
[
0,−id
id, 0
]
[φij ] = [Iij ],
i.e. Iij = −φi+n,j, Ii,j+n = −φi+n,j+n, Ii+n,j = φi,j, Ii+n,j+n = φi,j+n, for
1 6 i 6 n. We have
I(dyi) =
∑
j
Iijdyj = −dφi+n, I(dyi+n) =
∑
j
Ii+n,jdyj = dφi,
dwi = d(yi +
√−1φi+n), dw∗i = −d(yi+n −
√−1φi),
for i = 1, · · · , n, where the special coordinates w1, . . . , wn and their conju-
gates w∗1, . . . , w
∗
n are defined as in subsection 4.2. By ω(·, ·) = ω(I·, I·),
ω =
∑
i
dyi ∧ dyi+n =
∑
i
I(dyi) ∧ I(dyi+n) =
∑
i
dφi ∧ dφi+n, and
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ωSF,t =
∑
i
(t−
1
2dφi ∧ dφi+n − t
1
2 dxi ∧ dxi+n).
Under the local trivialization T ∗(1,0)N0|U ∼= U × Cn by
∑
i
zidwi 7→
(w1, · · · , wn, z1, · · · , zn), we have
Ωcan =
∑
i
dwi ∧ dzi, and zi = xi −
n∑
j=1
Zijxj+n
by
(
2n∑
i=1
xidyi
)(1,0)
=
n∑
i=1
(
xi −
n∑
j=1
Zijxj+n
)
dwi, 1 6 i 6 n. Then
Ω = −d(
∑
i
zidwi) = −d(
∑
i
(xidwi − xi+ndw∗i ))
=
2n∑
i=1
dyi ∧ dxi +
√−1
n∑
i=1
(dφi+n ∧ dxi − dφi ∧ dxi+n).
Thus
ωJt =
2n∑
i=1
dyi ∧ dxi, and
ΩJt =
n∑
i=1
(dφi+n∧dxi−dφi∧dxi+n+
√−1(t− 12dφi∧dφi+n− t
1
2 dxi∧dxi+n)).
We obtain the conclusion by using
dχt,i
χt,i
= 2π
√−1(dxi + t− 12
√−1dφi). 
We remark that on f−1(U), f is the logarithmic map 2πφi = −t 12 log |χt,i|,
i = 1, · · · , 2n, with respect to the dual affine structure, which converts
algebro geometric objects in f−1(U) into tropical geometric objects on U
when t→ 0.
Now we recall the semi-flat SYZ construction of (M0, ωJt ,ΩJt) (cf. [30,
29]). We ignore B-fields in the following discussion. Note that Jt
∂
∂xi
= t
1
2
∂
∂φi
and
ωJt =
2n∑
i=1
dyi ∧ dxi =
∑
ij
∂yi
∂φj
dφj ∧ dxi =
∑
ij
φ−1ij dφj ∧ dxi.
Thus for any y ∈ N0, we obtain that
gSF,t|My = t
1
2
∑
ij
φ−1ij (y)dxidxj .
Following [57], we now construct the semi-flat SYZ mirror of (M0, ωJt, Jt),
as follows. Let Mˇ0 = TN0/Λ, and fˇ : Mˇ0 → N0 be the fibration induced by
TN0 → N0. For any y ∈ N0, the fiber Mˇy = TyN0/Λy is the dual Abelian
variety of My, which is of type (dn/dn, · · · , d1/dn). On TN0, there is a
natural complex structure induced by the flat affine structure on N0, which
gives a complex structure Jˇ on Mˇ0. Under a local trivialization TN0|U ∼=
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U × R2n by ∑
i
xˇi
∂
∂yi
7→ (y1, · · · , y2n, xˇ1, · · · , xˇ2n), the complex structure
Jˇ is given by the holomorphic coordinates ξi = exp 2π
√−1(xˇi +
√−1yi),
i = 1, · · · , 2n. Note that if y′i, i = 1, · · · , 2n, are another flat Darboux
coordinates, and xˇ′i are induced coordinates with
∑
i
xˇi
∂
∂yi
=
∑
i
xˇ′i
∂
∂y′i
, then
yi =
∑
j
aijy
′
j + bi and xˇi =
∑
j
aijxˇ
′
j , where (aij) ∈ Sp(2n,R) and bi ∈ R.
Therefore
Ωˇ =
−1
4π2
n∑
i=1
dξi
ξi
∧ dξi+n
ξi+n
is a well-defined holomorphic symplectic form on Mˇ0.
A natural Ka¨hler metric on Mˇ0 is
(5.4) ωˇt = t
− 1
2
2n∑
i=1
dφi ∧ dxˇi = t−
1
2
∑
ij
∂2φ
∂yi∂yj
dyi ∧ dxˇj = t−
1
2 ωˇ,
which gives a hyperka¨hler structure (ωˇt, t
− 1
2 Ωˇ) on Mˇ0 since det(φij) ≡ const.
If gˇSF,t denotes the Riemannian metric determined by ωˇt and Jˇ , then
gˇSF,t|Mˇy = t−
1
2
∑
ij
φij(y)dxˇidxˇj,
by Jˇ ∂∂xˇi =
∂
∂yi
, for a y ∈ N0. The semi-flat SYZ mirror of (M0, ωJt, Jt) is
(Mˇ0, ωˇt, Jˇ) in the sense of T-duality (cf. [57] and Chapter 1.3 in [1]), i.e.
(Mˇy, gˇSF,t|Mˇy) is the dual torus of (My, gSF,t|My) for any y ∈ N0. When
t→ 0, we say that the complex structures Jt tends to a large complex limit,
while the symplectic structure ωJt is fixed, in the sense that its semi-flat SYZ
mirror has the symplectic structures ωˇt = t
− 1
2 ωˇ tending to a large radius
limit while keeping the complex structure Jˇ fixed.
5.3. Collapsing hyperka¨hler metrics are close to semi-flat. Now we
show how Theorem 1.2, together with [23, 24], fits into this refined version
of SYZ conjecture for hyperka¨hler manifolds. The setup is now the same
as in Theorem 1.2, so f : M2n → Nn ∼= CPn is a holomorphic fiber space
with M projective hyperka¨hler, with the extra assumption that there is
a holomorphic Lagrangian section σ : N0 → M0. We denote by Ω the
holomorphic symplectic form on M , the fibration f is then an algebraic
completely integrable system over N0, the complement of the discriminant
locus of f in N , and [α] is an integral Ka¨hler class on M . The fibers My =
f−1(y), y ∈ N0, are Abelian varieties, and the polarization [αy] = [α|My ] is
of type (d1, . . . , dn). As we mentioned in subsection 4.2, the existence of σ
implies that M0 ∼= T ∗(1,0)N0/Λˇ, and let then p : T ∗(1,0)N0 → M0 be the
holomorphic covering map, which satisfies Ωcan = p
∗Ω, and Λˇ = ker p.
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Let [α0] be the ample class on N such that
[α]n · [f∗α0]n =
∫
M
Ωn ∧ Ω¯n,
and ω˜t be the unique Ricci-flat hyperka¨hler metric onM in the class f
∗[α0]+
t[α], 0 < t 6 1, which satisfies the complex Monge-Ampe`re equation
ω˜2nt = ctt
nΩn ∧ Ω¯n
with ct → 1 when t→ 0. Therefore, (c−
1
2n
t t
− 1
2 ω˜t,Ω) is a hyperka¨hler struc-
ture, and we denote gˆt the corresponding hyperka¨hler metric of c
− 1
2n
t t
− 1
2 ω˜t.
By hyperka¨hler rotation, we have a family of complex structures J˜t with
hyperka¨hler structures
ωJ˜t = ReΩ, ΩJ˜t = ImΩ+
√−1c−
1
2n
t t
− 1
2 ω˜t.
A well-known simple calculation shows that the fibration f : M → N be-
comes a special Lagrangian fibration with respect to (ωJ˜t,Ω
n
J˜t
), and σ be-
comes a special Lagrangian section.
By [23, Theorem 1.2] and ct → 1, we have that by passing to sub-
sequences, (M, t
1
2 gˆt, ω˜t) converges to a compact metric space (X, dX ) in
the Gromov-Hausdorff sense, and there is a locally isometric embedding
(N0, ω) →֒ (X, dX), and [24, Theorem 1.2] asserts that ω is a special Ka¨hler
metric on N0. Furthermore, Lemma 4.1 in [24] shows that ω is the spe-
cial Ka¨hler metric induced by the algebraic completely integrable system
(f : M0 → N0, [α],Ω), where M0 = f−1(N0). Now Theorem 1.2 shows that
(X, dX) is the metric completion of (N0, ω), it is homeomorphic to CP
n, its
singular set X\N0 has Hausdorff codimension at least 2, and there is no
need to pass to any subsequence in the convergence, i.e.
(M, t
1
2 gˆt, ω˜t)→ (X, dX ), when t→ 0.
Furthermore, as predicted by [37, Conjecture 2], we claim that t
1
2 gˆt ap-
proaches some semi-flat metrics in a certain sense that we now explain.
As in (5.1), for any t ∈ (0, 1] we define a family of semi-flat Ka¨hler metrics
on M0 = f
−1(N0) by
(5.5) ωSF,t = t
− 1
2 f∗ω + t
1
2ωSF,
where ωSF is given by Theorem 3.1, and we denote by gSF,t the corre-
sponding Riemannian metric. Following [23], we define the dilation map
λt : T
∗(1,0)N0 → T ∗(1,0)N0 by λt(y, z) = (y, t− 12 z) and the covering map
p : T ∗(1,0)N0 → M0 such that Ωcan = p∗Ω, as in subsection 4.2. Thanks to
Proposition 3.2 we have that
λ∗tp
∗ω˜t → p∗ωSF,1,
smoothly on compact sets. Direct calculations show that
λ∗tp
∗√tΩ = Ωcan, and λ∗tp∗t
1
2ωSF,t = ωSF,1
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(cf. Section 4 in [24]), which implies
‖c−
1
2n
t ω˜t − t
1
2ωSF,t‖
C∞
loc
(M0,t
1
2 gSF,t)
→ 0.
Note that (ωSF,t,Ω, gSF,t), t ∈ (0, 1], is a family of semi-flat hyperka¨hler
structures on M0. By hyperka¨hler rotation, we define a family of complex
structures Jt with hyperka¨hler structures
ωJt = ReΩ = ωJ˜t, ΩJt = ImΩ +
√−1ωSF,t.
By Lemma 5.1, the Ka¨hler form ωJt is induced by the canonical symplectic
form on T ∗N0.
From this discussion together with Theorem 1.2, we obtain the following
theorem:
Theorem 5.2. In the above setup we have
i) On M0, when t→ 0, we have ωJt = ωJ˜t,
‖t 12 (gˆt − gSF,t)‖
C∞
loc
(M0,t
1
2 gSF,t)
→ 0, and ‖J˜t − Jt‖
C∞
loc
(M0,t
1
2 gSF,t)
→ 0.
ii) There is a special Ka¨hler metric ω on N0 such that the metric com-
pletion (N0, g) is compact, and
(M, t
1
2 gˆt)→ (N0, g),
in the Gromov-Hausdorff sense, where g denotes the corresponding
Riemannian metric of ω on N0.
iii) The singular set SN0 = (N0, g)\N0 has the Hausdorff codimension
at least 2.
iv) The space (N0, g) is homeomorphic to CP
n.
v) g is a real Monge-Ampe`re metric with respect to the real affine struc-
ture determined by the special Ka¨hler metric ω.
Note that the semi-flat symplectic form ωJt on M0 can be extended to a
symplectic form onM , which equals ωJ˜t. However, the complex structure Jt
usually cannot be extended to a complex structure onM . In order to extend
Jt, one must add to it certain additional terms called instanton corrections
(these equal J˜t − Jt in the present case), which are determined by certain
tropical geometric objects on N0 constructed inductively from the initial
information of the singularities SN0 . See [16] in the analytic setting, [38, 22]
in the algebro geometric setting, and [17, 49, 39] for the current case of
hyperka¨hler manifolds.
Let us also remark that, as shown in the last subsection, the complex
structures Jt (therefore also J˜t) tends to a large complex limit, when t→ 0,
in the sense that its semi-flat SYZ mirror Mˇ0 has the symplectic structures
ωˇt = t
− 1
2 ωˇ tending to a large radius limit. Furthermore, we expect that ωˇt
extends to a symplectic form on a certain compactification of Mˇ0, if the SYZ
mirrors of M indeed exist, for example the case of Section 2 in [23].
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Lastly, let us mention that the conjecture of Gross-Wilson, Kontsevich-
Soibelman and Todorov has directly inspired a purely algebro-geometric
conjecture, which is as follows: let X→ C be a projective family of Calabi-
Yau manifolds over a quasiprojective curve, smooth over C\{o}, such that
Xo is a large complex structure limit. After applying semistable reduc-
tion and a relative MMP, the dual intersection complex of the new central
fiber is denoted by Sk(X), the essential skeleton of X. It is a connected
n-dimensional simplicial complex, whose topological type does not depend
on the choices we made. The conjecture is then that Sk(X) should topo-
logically be an n-sphere when ω˜t (the Ricci-flat Ka¨hler metric on Xt in the
polarization class) have holonomy SU(n), and topologically CPn when ω˜t
are hyperka¨hler. In particular, it should be homeomorphic to the Gromov-
Hausdorff limit (X, dX ) of the collapsing Ricci-flat Ka¨hler metrics (normal-
ized to have unit diameter). See [3, 48, 50] for more details, and [34, 35] for
very recent progress on these questions.
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